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XXXVII .  A Method of Determining the Angle o/Lag. By 
.ARTHUR n. CLARK, S.B., Pro/. of Mathematics and Physics, 
Bridgton Academy, North JBridgton, Maine, U.S.A.* 

T HE power or rate of expenditure of energy at any given 
instant of time, on an electrical circuit, may always be 

found from the equation 
W----EI ; 

where W is the power in watts, E the E.M.F. in volts, and 
I the current in amperes. But if the average power is 
desired this formula is not general. I t  suffices only where E 
and I are constant or nearly so. 

I t  is a problem at the present time to measure the power 
expended on circuits through which flow alternating currents 
whose E and I vary harmonically with the time. In this 
case the formula becomes 

W = ~ cos 4'; 

where ~b is the difference in phase or is the angular magni- 
tude of the delay of the rise of I behind E. E and I are the 
maximum values of the E.M.F. and current respectively. 

It is obvious that cos ~b is a very much desired value, and 
different methods for determining it have been conceived. 
There have been several phase-indicators brought before the 
scientific world during the past year or two, but of these 
there are very few, if any, which furnish a convenient means 
of accurately measuring a difference of phase. 

The instrument herein described is the outcome of ex- 
tended investigation carried on by the author during the past 
year at the Worcester Polytechnic Institute. Many of the 
different forms of apparatus which depend upon the inter- 
terence of sound waves, vibrating wires, &c., were constructed 
and experimented upon, with unsatisfactory results. 

I t  was found that indicators which are influenced to a 
marked degree by small variations of the vibration-period are 
of little value. As this variation interferes seriously with 
results, and as no dynamo furnishes a current absolutely 
periodic, such an indicator is worthless commercially. 

The well-known Lissajous's figures have been used at 
different times as a means of determining the angle of lag, 
and are the basis of the herein described apparatus. The 
current from the dynamo passes through a single loop of wire 

* Communicated by the Author. 
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370 Prof. A. L. Clark on a Method of 

clamped at one end, and carrying a small mirror on the other 
end, which is free to vibrate. This loop is suspended between 
the poles of a magnet (electro or permanent), so that with 
every change of direction of the current through this loop, it 
will tend to rotate one way or the other according to Max- 
well's rule, i. e., " E v e r y  portion of the circuit is acted upon 
by a force urging it in such a direction as to make it enclose 
within its embrace the greatest possible number of lines of 
f o r c e .  '~ 

Now if a beam of light falls on the mirror, the reflexion 
will be drawn out into a line by the vibration of the mirror. 
This beam of light coming from this mirror falls on a second 
mirror, arranged as the first but actuated by another current 
and with its plane of vibration perpendicular to that of the 
first. In the resultant reflexion we find our means of mea- 
suring the amount by which one mirror leads the other, or, in 
other v~ords, by how much the phase of the current in the first 
leads that in the second. 

We will call the direction of vibration of the beam of 
light as given by each mirror alone the axes of X and Y 
respectively. That is, the axis of X is the figure from the 
first mirror while the second is stationary, and the axis of Y 
that from the second while the first is stationary. 

The equation of a simple harmonic motion of amplitude a 
along the axis of X may be expressed 

x-~ a sin 0, 

where 0 is a linear function of the time. 
Also the equation of another harmonic motion of amplitude 

b, along the axis of Y, whose time differs from 8 by an 
amount ~b, is 

y = b sin (O--  ~;. 

Combining by eliminating 0 since 

O_X i sin --a' cos O= a - Va:--aY' 

the resulting equation is 

b 
Y = a  (x cos 4 , - -  ~/a "~ - - x  2 sin ~b), 

an equation in x and y, independent of the periodic time. 
This equation is the equation of an ellipse. The resultant 
reflexion, then, is an ellipse whose shape depends upon a, b, 
and <~. 
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The equation of the long diameter of' the ellipse is 

b 
a 

371 

Then since the short diameter is perpendicular to this, its 
equation is 

a 
y = - ~ x .  

Treating either of these equations as simultaneous with the 
equation of the ellipse, the coordinates of the intersection of 
these diameters with the curve may be found~ from which 
may be deduced the lengths of the diameters in terms of ~b. 
This result is general but too cumbersome to be of service. 

Suppose a=b, a condition which may be easily attained by 
increasing or decreasing the current in the vibrating loops, 
or by varying the strength of the actuating magnets. The 
equation of the ellipse would then be 

y = x cos ~b - ~ / ~  sin ~b, 

the equation of a family of ellipses whose parameter is ~b. 
The equation of the diameters is 

~/-~.  -31- X.  

Combining this with the equation of the curve, there re- 
sults as the squares of the coordinates of intersection 

y2 = sin 2 ~b x~ = sin 2 ~b 
2 ( l g c o s  ~) ; 2(iT+cos 6)" 

The upper sign in the denominator belonging with the 
positively sloped and the lower with the negatively sloped 
diameter. The squared length of the semidiameters is the 
sum of these squares, or 

= 

1 ~- cos ~" 

The whole diameter is double this semidiameter, so calling 
DI the positively and D~ the negatively sloped diameter~ 

4 sin: ~ ,  
DI~- 1-- cos 

4 sin: ,~ 
D2: = 1 + cos ~" 
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Dividing the first by the second we have 

D~ ~ 1 +cos~b 
D2 ~ -- 1--cos ~b' 

from which 
cos ~b = D1~ - DS~ 

D1 ~ + D2 ~" 

The reflexion is examined in a telescope with micrometer 
eyepiece, having two separate scales so that the lines on these 
scales may be made perpendicular to the long and short dia- 
meters of the ellipse. I t  makes no difference what the scale- 
divisions are, if they are alike on both scales. 

When the ellipse becomes a straight line, D~2=0 and 
c o s t = l ,  from which ~b=0, or the currents are inphase.  I f  
the ellipse becomes a circle, Dle-~D2 ~ and the numerator be- 
comes 0, consequently cos ~b= 0, and ~b----90 °, or the currents 
are in quadrature. 

The amount of self-induction in the apparatus itself is in- 
appreciable, and the loops keep well in time with the current. 
Even a considerable variation in period does not hinder the 
vibrations, which in this case are forced. This is possible since 
the mirrors, while moving very slightly, still vibrate sufficiently 
for telescopic observation. 

Thus we have overcome the two great difficulties of many 
forms of this apparatus, namely, self:induction and the in- 
ability of the vibrating wires to follow a change of period. 
And with these objectionable features eliminated and a method 
of finding the exact value of cos ~b, we have a practical means 
of determining the difference of phase. 

Worcester Polytechnic Institute, 
Worcester, Mass. 

X X X V I I I .  A Note on Mr. Burch's Method of.Drawing 
Hyperbolas. By F. L. O. W~_DSWOI~TH, E.M., M.E., 
Assistant Professor of Physics, University of Chicago*. 

I N the January  number of the Philosophical Magazine 
Mr. Burch describes a very simple and convenient 

method of drawing an hyperbola by the use of two similar 
triangles. This method is very similar to one which I have 
been using for some time and which I have described in my 
lectures tbr the past two years, although I have never pub- 
lished it. Mr. Burch's invention of the method antedates 

* Communicated bv the Author. 
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